Abstract : We first prove that the convolution of a normalized right half-plane mapping with another subclass of normalized right half-plane mappings with the dilatation z.a C z/=.1 C az/ is CHD (convex in the horizontal direction) provided a D 1 or 1 Ä a Ä 0. Secondly, we give a simply method to prove the convolution of two special subclasses of harmonic univalent mappings in the right half-plane is CHD which was proved by Kumar et al.
Introduction and main results
Many research papers in recent years have studied the convolution or Hadamard product of planar harmonic mappings, see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . However, corresponding questions for the class of univalent harmonic mappings seem to be difficult to handle as can be seen from the recent investigations of the authors [13] [14] [15] [16] [17] . In [1] , Kumar et al. constructed the harmonic functions f a D h a C g a 2 K H in the right half-plane, which satisfy the conditions h a C g a D z=.1 z/ with ! a .z/ D .a z/=.1 az/ . 1 < a < 1). By using the technique of shear construction (see [18] ), we have Recently Dorff et al. studied the convolution of harmonic univalent mappings in the right half-plane (cf. [14, 15] ). They proved that:
is locally univalent and sense-preserving, then f 1 f 2 2 S 0 H and convex in the horizontal direction.
H and is convex in the horizontal direction.
H with h.z/ C g.z/ D z=.1 z/ and !.z/ D .z C a/=.1 C az/ with a 2 . 1; 1/. Then f 0 f 2 S 0 H and is convex in the horizontal direction.
We now begin to state the elementary result concerning the convolutions of f 0 with the other special subclass harmonic mappings.
H and is convex in the horizontal direction for a D 1 or 1 Ä a Ä 0.
The following generalized right half-plane harmonic univalent mappings were introduced by Muir [7] :
The following Cohn's Rule is helpful in proving our main results.
Cohn's Rule ( [19, p.375] ). Given a polynomial p.z/ D p 0 .z/ D a n;0 z n C a n 1;0 z n 1 C C a 1;0 z C a 0;0 .a n;0 ¤ 0/
of degree n, let
Denote by r and s the number of zeros of p.z/ inside the unit circle and on it, respectively. If ja 0;0 j < ja n;0 j, then
is of degree n 1 with r 1 D r 1 and s 1 D s the number of zeros of p 1 .z/ inside the unit circle and on it, respectively.
It should be remarked that Cohn's Rule and Schur-Cohn's algorithm [19, p. 378 ] are important tools to prove harmonic mappings are locally univalent and sense-preserving. Some related works have been done on these topics, one can refer to [1, 3, 6, 13, 15, 16] . In [1] , the authors proved the following result.
; 1/.
In this paper, we will use a new method to prove the above theorem. The main difference of our work from [1] is that we construct a sequence of functions for finding all zeros of polynomials which are in U, and we will show that the dilatation of f a f n satisfies je ! 1 .z/j D j.g a g/ 0 =.h a h/ 0 j < 1 by using mathematical induction, which greatly simplifies the calculation compared with the proof of Theorem 2.2 in [1] . We also show that L c f a is univalent and convex in the horizontal direction for 0 < c Ä 2.1 C a/=.1 a/, and derive the following theorem. Recently, Liu and Li [6] defined a subclass of harmonic mappings defined by
They proved the following result.
Theorem E. ([6, Theorem 7])
Let P c .z/ be harmonic mappings defined by (7) and f n D hCg with h g D z=.1 z/ and dilatation !.z/ D e iÂ z n .Â 2 R; n 2 N C /. Then P c f n is univalent and convex in the horizontal direction for 0 < c Ä 2=n.
Similar to the approach used in the proof of Theorem E, we get the following result.
Then L c f n is univalent and convex in the horizontal direction for 0 < c Ä 2=n. 
Preliminary results
In this section, we will give the following lemmas which play an important role in proving the main results.
H be right half-plane mapping, where
Proof. By (4), we know that
Similar calculation as in the proof of [6, Lemma 7] gives (10).
Lemma 2.4 ([20, Theorem 5.3]).
A harmonic function f D h C g locally univalent in U is a univalent mapping of U onto a domain convex in the horizontal direction if and only if h g is a conformal univalent mapping of U onto a domain convex in the horizontal direction.
Lemma 2.5 (See [21] ). Let f be an analytic function in U with f .0/ D 0 and f 0 .0/ ¤ 0, and let
where
Then f is convex in the horizontal direction.
Lemma 2.6. Let L c D H c C G c be a mapping given by (3) and f D h C g be the right half-plane mapping with
Proof. Recalling that L c D H c C G c and
Thus
Next, we will show that 2 1Cc
.h g/ C .H c G c / is convex in the horizontal direction. Letting '.z/ D z=.1 z/ 2 2 S , we have
. Therefore, by Lemma 2.5 and the equation (12), we know that H c h G c g is convex in the horizontal direction.
Finally
Proofs of theorems
Proof of Theorem 1.1. By Theorem A, we know that f 0 f is convex in the horizontal direction. Now we need to establish that f 0 f is locally univalent.
Substituting !.z/ D z.z C a/=.1 C az/ into (8) and simplifying, yields
.1 C z/ 2 .1 C 2z/ has all its three zeros in U. By Cohn's Rule, so
. Note that j a 2 j < 1, thus we get we use Cohn's Rule on q 1 .z/ again, we get
Clearly, q 2 .z/ has one zero at
We show that jz 0 j Ä 1, or equivalently,
Therefore, by Cohn's Rule, q.z/ has all its three zeros in U, that is A; B; C 2 U and so je !.z/j < 1 for all z 2 U.
A new proof of Theorem D. By Theorem A, it suffices to show that the dilatation of f a f n satisfies je ! 1 .z/j < 1 for all z 2 U. Setting !.z/ D e iÂ z n in (9), we have
.2 C an n/e iÂ z C .2 C an n/e iÂ z n C 1 2
.n 2a an/e iÂ z nC1
and
Firstly, we will show that je ! 1 .z/j < 1 for a D n 2 nC2
. In this case, substituting a D e iÂ z n C e iÂ z nC1Ď j z n e iÂ j < 1:
Next, we will show that je ! 1 .z/j < 1 for n 2 nC2
< a < 1. Obviously, if z 0 is a zero of p.z/, then 1=z 0 is a zero of p .z/. Hence, if A 1 ; A 2 ; ; A nC1 are the zeros of p.z/ (not necessarily distinct), then we can write
Now for jA j j Ä 1,
; n C 1/ maps U onto U. It suffices to show that all zeros of (15) .n 2a an/e iÂ j < ja nC1;0 j D 1, then by using Cohn's Rule on p.z/, we get
Since n 2 nC2
< a < 1, we have
e iÂ , since
e iÂ j < 1 D ja n;1 j, by using Cohn's Rule on q 1 .z/ again, we obtain
e iÂ , then ja 0;2 j D 2 nC4 < 1 D ja n 1;2 j, we get
e iÂ , then ja 0;3 j D 2 nC6 < 1 D ja n 2;3 j, we obtain
By using this manner, we claim that
where k D 2; 3; ; n. To prove the equation (16) is correct for all k 2 N C .k 2/, it suffices to show
< 1 D ja n kC1;k j, by using Cohn's Rule on q k .z/, we deduce that
Setting n D k.k 2/ in (16), we have
is a zero of p n .z/, and
So z 0 lies inside or on the unit circle jzj D 1, by Lemma 1, we know that all zeros of (15) 
Next we just need to show that je ! 2 .z/j < 1 for 0 < c Ä 2.1 C a/=.1 a/, where 1 < a < 1. We shall consider the following two cases.
Then two zeros z 1 D 1 and z 2 D .1 2c/=.1Cc/ of the above numerator lie in or on the unit circle for all 0 < c Ä 2, so we have je ! 2 .z/j < 1. We will show that A; B; C 2 U for 0 < c Ä 2.1 C a/=.1 a/. Applying Lemma 1 to
Note that j a.1 c/ 1Cc
j < 1 for c > 0 and 1 < a < 1, we get
So p 1 .z/ has two zeros z 1 D 1 and z 2 D 1Ca 2c.1 a/ 1CaCc.1 a/ which are in or on the unit circle for 0 < c Ä 2.1 C a/=.1 a/. Thus, by Lemma 1, all zeros of p.z/ lie on U, that is A; B; C 2 U and so je ! 2 .z/j < 1 for all z 2 U.
Examples
In this section, we give interesting examples resulting from Theorem 1.1 and Theorem 1.2.
Solving these equations, we get
Integration gives
and then,
By the convolutions, we have
So that
Images of U under f 0 f for certain values of a are drawn in Figure 1 and Figure 2 The image of U under L 6:2 f 0:5 is shown in Figure 4 (a). Figure 4 (b) is a partial enlarged view of Figure 4 (a) showing that the images of two outer most concentric circles in U are intersecting and so L 6:2 f 0:5 is not univalent. 
